arXiv:hep-lat/9804021 v1 15 Apr 1998

THE STANDARD MODEL AND THE LATTICE

MICHAEL CREUTZ Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA email: creutz@bnl.gov

I discuss some of the difficulties with formulating chiral symmetry on the lattice and review a recently proposed scheme for a fully finite and exactly gauge invariant lattice regularization of the standard model.

1 Introduction

Lattice gauge theory, now in its third decade, has since its inception been plagued by difficulties with fermions. There are two apparently distinct fermion problems. First is the issue of algorithms, arising since fermionic fields are anticommuting variables. Since the exponentiated action is an operator in a Grassmann space, comparisons with random numbers for a Monte Carlo program are problematical. Several ways around this have been devised, mostly based on integrating the fermions analytically as a determinant, but in my opinion the approaches remain awkward. Furthermore, when there is a background baryon density, i.e. a chemical potential term in the action, cancelations between terms of varying phase make the problem essentially unsolved except on the tiniest lattices. This is not a unique problem to lattice gauge theory; studying doping in many electron models has equivalent difficulties.

In this talk, however, I concentrate on the other fermion issue: chiral symmetry and doubling. Since the lattice is a first principles approach to field theory, one could ask why care about the details of chiral symmetry. Just put the problem on the computer, predict particle properties, and they should come out correctly if the underlying dynamics is relevant. While this may perhaps be a logical point of view, it ignores a vast lore built up over the years in particle physics. In the context the strong interactions, the pion and the rho mesons are made of the same quarks, the only difference being whether the spins are anti-parallel or parallel. Yet the pion, at 140 MeV, weighs substantially less than the 770 MeV rho. Chiral symmetry is at the core of the conventional explanation. Since the up and down quarks are fairly light, we have an approximately conserved axial vector current, and the pion is believed to be the remnant Goldstone boson of a spontaneous breaking of this chiral symmetry.

Another motivation for studying chiral issues on the lattice arises when considering the weak interactions. Here we are immediately faced with the experimental observation of parity violation, neutrinos are left handed. In the standard electroweak model, fundamental gauge fields are coupled directly to chiral currents. The corresponding symmetries are gauged, i.e. they become local, and are crucial to the basic structure of the theory. Since the lattice is the one truly non-perturbative regulator for defining a field theory, if one cannot find a lattice regularization for the standard model, the standard model itself may not be well defined.

Regulating divergences via a lattice is by no means a unique process. However, Wilson’s original formulation^1 has some rather remarkable properties when applied to strong quark confining dynamics, usually called QCD. First, the approach is indeed a regulator: it makes the theory fully finite. Second, the cutoff is non-perturbative, unlike more conventional approaches which begin by finding a formally divergent Feynman diagram and then cutting it off. But diagrams are the basis of perturbation theory. The advantage of the lattice is its imposition before any expansion. Third, and perhaps the most remarkable, the Wilson approach accomplishes the above two feats while maintaining an exact local gauge symmetry. Besides its inherent elegance, this precludes the need for any gauge variant counter-terms in the renormalization procedure. Since the theory is fully finite at the outset, the whole issue of gauge fixing is circumvented.

Given these features, it is natural to ask if a similar scheme exists for the full standard model, including the gauged chiral currents. The answer to this is, I believe, unknown. Nevertheless, I will lead this talk towards a scheme that may provide all of the above features. It involves some rather complex couplings, opening possible routes to failure, but does appear to include the necessary features for such a formulation.

2 What is chiral symmetry?

For pedagogy I digress briefly on what I mean by chiral symmetry. The issues here are deeply entwined with representations of the Lorentz group – zero mass particles are special. In particular, the helicity of a massless particle is invariant under Lorentz transformations. Each helicity state forms a separate representation of the Lorentz group; for spin one-half the Dirac field can be separated into right and left handed parts, ψ_R and ψ_L, formally independent. Furthermore, because of the way the Dirac matrices appear, the helicity of a fermion is naively preserved under gauge interactions. When a polarized electron at high energy scatters off of an electromagnetic field, its helicity is unchanged.

Figure 1: The triangle diagram cannot be regulated so both vector and axial vector currents are conserved.

This whole issue, however, is clouded by the so-called “chiral anomalies.” In particular, the famous triangle diagram, sketched in Fig. 1, coupling two vector and one axial vector current is divergent, and no regularization can keep them both conserved. If either is coupled to a gauge field, such as the electromagnetic current to the vector current, this diagram must be regulated with that particular current being conserved. Then the other cannot be. These anomalies are at the core of the lattice problems.

The concept of chirality becomes even simpler in one spatial dimension, where the direction of motion of a massless particle is invariant under boosts. Then the anomaly is easily understood via simple band theory.^2 A particle of non-zero mass m and momentum p has energy E = ± √ p^2 + m^2. Here I use a Dirac sea description where the negative energy states are to be filled in the normal vacuum. Considering the positive and negative energy states together, the spectrum of the system has a gap equal to twice the particle mass. In the vacuum the Fermi level is at zero energy, exactly in the center of this gap. In conventional band theory language, the vacuum is an insulator.

In contrast, for massless particles where E = ±|p|, the gap vanishes. The system becomes a conductor, as sketched in Fig. 2. Of course, conductors can carry currents, and here the current is proportional to the number of right moving particles minus the number of left movers. If we consider gauge fields, they can induce currents, a process under which the number of right or left movers cannot be separately invariant. This is the anomaly, without which transformers would not work.

This induction of currents is not a conversion of particles directly from left into right movers, but rather a sliding of levels in and out of the Dirac sea. The generalization of this discussion to three spatial dimensions uses Landau levels in a magnetic field; the lowest Landau level behaves exactly as the above one dimensional case.^2

One particularly important consequence for the standard model is that baryon number is one of the anomalous charges. Indeed, ’t Hooft^3 pointed

Figure 2: In one dimension the spectrum of massive particles has a gap, and the vacuum can be regarded as an insulator. The massless case, in contrast, represents a conductor. The anomaly manifests itself in the ability to induce currents in a wire.

out a specific baryon-number-changing mechanism through topologically nontrivial gauge configurations. The rate is highly suppressed due to a small tunneling factor and is far too small to observe experimentally. Nevertheless, the process is there in principle, and any valid non-perturbative formulation of the standard model must accommodate it. If we have a fully finite and exactly gauge invariant lattice theory, the dynamics must contain terms which violate baryon number. This point was emphasized some time ago by Eichten and Preskill^4 and further by Banks.^5

Without baryon violating terms, something must fail. In naive approaches to lattice fermions the problem materializes via extra particles, the so-called doublers, which cancel the anomalies. For the strong interactions alone, a vector-like theory, Wilson^6 showed how to remove the doublers by adding a chirally non-symmetric term. This term formally vanishes in the continuum limit, but serves to give the doublers masses of order the inverse lattice spacing. As chiral symmetry is explicitly broken, the chiral limit of vanishing pion mass is only obtained with a fine tuning of the quark mass, which is no longer “protected” with the bare and physical quark masses no longer vanishing together. This approach works well for the strong interactions, but explicitly breaks a chirally coupled gauge theory. While perhaps tractable,^7 it requires an infinite number of gauge variant counter-terms to restore gauged chiral symmetries in the continuum limit. It is these features that drive us to search for a more elegant formulation.

To proceed I frame the discussion in terms of extra space-time dimensions. The idea of adding unobserved dimensions is an old one in theoretical physics, going back to Kaluza and Klein,^8 and often is quite useful in unifying different interactions. For my purposes, it allows me to separate different parts of the

Figure 3: A step in a five dimensional fermion mass can give rise to topological zero-energy fermion modes bound to a four dimensional interface.

problem, but is probably only a theoretical crutch that can be removed at a later stage. Of course the extension of space-time to higher dimensions is crucial to modern string theories. Indeed, there are probably unexploited analogies here, in particular chiral symmetry can become quite natural when formulated on higher dimensional membranes. Here I use only the simplest extension, involving one extra dimension.

The use of an extra dimension in the context of anomalies also appears in the area of effective chiral Lagrangians. Here the famous Wess-Zumino^9 term is formulated in terms of an added fifth dimension. Anomalies in four dimensional currents are interpreted as a flow into the fifth direction. Indeed, the analogy with the following discussion is striking, and recent arguments 10 suggest a close connection between the doubling problem in lattice gauge theory and the problem of coupling gauge fields to the Wess-Zumino term.

I start with an observation of Callan and Harvey,^{11} building on Jackiw and Rebbi.^{12} They argue that a five dimensional massive fermion theory formulated with an interface where the fermion mass changes sign, as sketched in Fig. 3, can give rise to a four dimensional theory of massless fermionic modes bound to the interface. The low energy states on the interface are naturally chiral, and anomalous currents are elegantly described in terms of a flow into the fifth dimension.

While the Callan and Harvey discussion is set in the continuum, Kaplan^{13} suggested carrying the formalism directly over to the lattice. His motivation, as mine here, is to provide a potential scheme for chiral gauge theories on the lattice. With the Wilson formulation, the particle mass is controlled via the hopping parameter, usually denoted K. The massless situation is obtained at a critical hopping, K_c, the numerical value of which depends on the gauge coupling. Thus, to set up an interface as used by Callan and Harvey, one should consider a five dimensional theory with a hopping parameter which depends on the extra fifth coordinate. This dependence should be constructed to generate a four dimensional interface separating a region with K > K_c from one with K < K_c. Shamir^{14} observed a substantial simplification on the K < K_c side

Figure 4: Regarding our four dimensional world as a surface in five dimensions.

by putting K = 0. Then that region decouples, and the picture reduces to a four dimensional surface of a five dimensional crystal. The physical picture is sketched in Fig. 4. For a Hamiltonian discussion, see Ref.^{15}. Indeed, surface modes are not a particularly new concept; in 1939 Shockley^{16} discussed their appearance in band models when the interband coupling becomes strong.

The purpose of the fifth dimension is to address fermionic issues. Since the bosonic sector of lattice gauge theory is already in good shape, I require that the gauge fields not directly see the extra coordinate. In particular, any gauge field A(x_μ, x_5) = A(x_μ) is considered to independent of x_5. Furthermore, the gauge field has no fifth component, i.e. A_5 = 0. A possibly helpful analogy^{17} regards x_5 as effectively a “flavor” index, with hopping through the extra dimension representing a somewhat complex “mixing.”

This approach gives a natural chiral theory on one wall of our system. However, as Fig. 4 hints, for a finite five dimensional system there are generally additional four dimensional surfaces. One extra surface, as in the figure, I refer to as an “anti-wall.” Indeed, on any finite system these topological defects occur in pairs. This raises a difficulty with the above scheme for inserting the gauge fields. Since the latter do not know about the extra dimension, they couple equally to modes on all walls. On the anti-wall there are also fermion zero modes, of the opposite chirality to those on the original wall. These are effectively “mirror” fermions; corresponding to a left handed neutrino on the original wall, a right handed neutrino appears on the anti-wall. These mirrors cannot be neglected since they couple with equal strength to the gauge fields.

Furman and Shamir^{18} have argued that for vector-like theories, such as the usual strong interactions, such a formulation could be of considerable practical value. In this case non-anomalous chiral symmetries, responsible for the lightness of the pion, would be natural in the limit of a large fifth dimension. Indeed, the doubling appearing with the anti-walls is in some sense the minimal required by famous no-go theorems^{19} Preliminary efforts with this scheme have been promising.^{20}

Here, however, I am interested in chiral gauge theories such as the standard model. One might imagine eliminating the extra walls by moving them off to infinity. This lies at the heart of the closely related “overlap” formalism of Ref.^{17} and provides a non-perturbative definition for the chiral determinant. However, how anomaly cancelation works in this formulation is somewhat hidden, with baryon non-conservation being relegated off to infinity. Because of this, in a recent paper^{21} we pursued an alternative scheme for eliminating the doublers on the anti-wall. We argued that a large four-fermion coupling on the anti-wall could induce a mass gap of order the lattice spacing for the spectrum on the “bad” wall. The form of the interaction has the same structure as the “ ‘t Hooft” vertices responsible for the baryon non-conservation discussed above plus similar terms to break the anomalous strong axial U (1) symmetry. Physically, we give the mirror protons mass by mixing them with the mirror positrons. The primary danger is that the four fermion interaction might spontaneously break one of the gauge symmetries. Such a breaking would naturally be at the scale of the lattice spacing and would destroy the model.

Rather than describing the contents of that paper in more detail, I now pursue an alternative but equivalent picture. I am motivated by the desire to understand how the no-go theorems are avoided; in particular I discuss how all basic particles can be paired so every left handed particle has a right handed counterpart. This approach, also discussed in my contribution to the Lattice ’97 conference,^{22} involves a rather unusual reinterpretation of the standard model.

The standard model of elementary particle interactions is based on the product of three gauge groups, SU (3) × SU (2) × U (1)_{em}. Here the SU (3) represents the strong interactions of quarks and gluons, the U (1)_{em} corresponds to electromagnetism, and the SU (2) gives rise to the weak interactions. I ignore here the technical details of electroweak mixing. The full model is, of course, parity violating, as necessary to describe observed helicities in beta decay. This violation is normally considered to lie in the SU (2) of the weak interactions, with both the SU (3) and U (1)_{em} being parity conserving. However, this is actually a convention, adopted primarily because the weak interactions are small. I argue below that a reassignment of degrees of freedom allows an interpretation where the SU (2) gauge interaction is vector-like. Since the full model is parity violating, I must shift the parity violation into the strong, electromagnetic, and Higgs interactions.

With a vector-like weak interaction, the chiral issues move to the other gauge groups. Requiring gauge invariance for the re-expressed electromagnetism then clarifies the mechanism behind our above mentioned proposal for a lattice regularization of the standard model.^{21}

To see how this works, consider only the first generation, involving four left handed doublets. These correspond to the neutrino/electron lepton pair plus three colors for the up/down quarks ( ν e^− ) L , ( u^r d^r ) L , ( u^g d^g ) L , ( u^b d^b ) L (1) Here the superscripts from the set {r, g, b} represent the internal SU (3) index of the strong gauge group, and the subscript L indicates left-handed helicities.

If I ignore the strong and electromagnetic interactions, leaving only the weak SU (2), each of these four doublets is equivalent and independent. I now arbitrarily pick two of them and do a charge conjugation operation, thus working with their anti-particles ( u^g d^g ) L −→ ( d^g u^g ) R ( u^b d^b ) L −→ ( d^b u^b ) R (2)

In four dimensions anti-fermions have the opposite helicity; so, I label these new doublets with R representing right handedness.

With two left and two right handed doublets, I combine them into Dirac doublets ( ν e^− ) L ( d^g u^g ) R

( u^r d^r ) L ( d^b u^b ) R (3)

Formally in terms of the underlying fields, the construction takes

ψ =^1_2 (1 − γ_5)ψ_{(ν,e}−_) +^1_2 (1 + γ_5)ψ_{(dg ,ug)} χ =^1_2 (1 − γ_5)ψ_{(u}r_{,d}r_) +^1_2 (1 + γ_5)ψ_{(db ,ub)} (4)

From the conventional point of view these fields have rather peculiar quantum numbers. For example, the left and right parts have different electric charges. Electromagnetism now violates parity. The left and right parts also have different strong quantum numbers; the strong interactions violate parity as well. Finally, the components have different masses; parity is violated in the

Figure 5: Pairing the electron with the anti-green-up-quark.

Higgs mechanism. Making the SU (2) vector-like forces parity violation into all the other interactions.

The different helicities of these fields also have variant baryon number. This is directly related to the known baryon violating processes through weak “instantons” and axial anomalies.^3 As discussed earlier, the axial anomaly arises from a level flow out of the Dirac sea.^2 This generates a spin flip in the fields, i.e. e^−_L → (u^g)_R. Because of my peculiar particle identification, this does not conserve charge, with ΔQ = −^2_3 + 1 =^1_3 . This would be a disaster for electromagnetism were it not for the other Dirac doublet simultaneously flipping, i.e. d^r_L → (u^b)_R, with a compensating ΔQ = −^1_3 . This is anomaly cancelation, with the total ΔQ =^1_3 −^1_3 = 0. Only when both doublets are considered together is the U (1) symmetry restored. In the overall process baryon number remains violated, with L + Q → Q + Q. This is the famous “ ‘t Hooft vertex.”^3

This discussion has been in the continuum. Now I return to the lattice, and use the Kaplan-Shamir approach for fermions.^{13 14 15} In this picture, our four dimensional world is a “4-brane” embedded in 5-dimensions. The complete lattice is a five dimensional box with open boundaries, and the parameters are chosen so the physical quarks and leptons appear as surface zero modes.

I now insert the above pairing into this five dimensional scheme. In particular, I consider the left handed electron as a zero mode on one wall and the right-handed anti-green-up quark as the partner mode on the other wall, as sketched in Fig. 5. This provides a lattice regularization for the SU (2) of the weak interactions.

However, since these two particles have different electric charge, U (1)_{EM} must be broken in the interior of the extra dimension. I now proceed in analogy to the “waveguide” picture^{23} and restrict this charge violation to ΔQ to one layer at some interior x_5 = i. Then the fermion hopping term from x_5 = i to i + 1 ψ_iP ψ_{i+1} (P = γ_5 + r) (5)

Figure 6: Transferring charge between the doublets introduces a four-fermion coupling.

is a Q = 1/3 operator. At this layer, electric charge is not conserved. This is unacceptable and needs to be fixed.

To restore the U (1) symmetry I must transfer the charge from ψ to the compensating doublet χ. For this I replace the sum of hoppings with a product on the offending layer

ψ_iP ψ_{i+1}+χ_iP χ_{i+1} −→ ψ_iP ψ_{i+1}×χ_iP χ_{i+1} (6)

This introduces an electrically neutral four fermi operator. It is explicitly baryon violating, involving a “lepto-quark/diquark” exchange, as sketched in Fig. 6. One might think of the operator as representing a “filter” at x_5 = i through which only charge compensating pairs of fermions can pass.

In five dimensions there is no chiral symmetry. Even for the free theory, combinations like ψ_iP ψ_{i+1} have vacuum expectation values. I use such as a “tadpole,” with χ generating an effective hopping for ψ and vice versa.

Actually the above four fermion operator is not quite sufficient for all chiral anomalies, which can also involve right handed singlet fermions. To correct this I need explicitly include the right handed sector, adding similar four fermion couplings (also electrically neutral).

Having fixed the U (1) of electromagnetism, I restore the strong SU (3) with an antisymmetrization Q^rQ^gQ^b−→ ϵ^{αβγ} Q^αQ^βQ^γ . Although the quarks reside at different locations in the fifth dimension, this is irrelevant since the SU (3) symmetry need only be local in four-dimensional space-time. As for the electromagnetic case, additional left-right inter-sector couplings are needed to correctly obtain the effects of topologically non-trivial strong gauge fields. These are of the same form as the strong ’t Hooft vertex.

An alternative view folds the lattice about the interior of the fifth dimension, placing all light modes on one wall and having the multi-fermion operator on the other. This is the model of Ref.^{21}, with the additional inter-sector couplings correcting a technical error.^{24}

Unfortunately the scheme is still non rigorous. The most serious worry is that the four fermion coupling might induce an unwanted spontaneous symmetry breaking of one of the gauge symmetries. I need a strongly coupled paramagnetic phase without spontaneous symmetry breaking.^{25} Ref.^{21} showed how strongly coupled zero modes preserve the desired symmetries, but the analysis ignored contributions from heavy modes in the fifth dimension.

Assuming all works as desired, the model raises several interesting questions. A variation using a Majorana mass term on the extra wall seems quite promising for formulating supersymmetric Yang-Mills theory on the lattice.^{26} Can a related scheme give a natural formulation for more general supersymmetric theories? Above I needed a right handed neutrino to provide all quarks with partners. Is there some variation to avoids this particle, which completely decouples in the continuum limit? Another question concerns numerical simulations; is the effective action positive? Finally, I have used details of the usual standard model, leaving open the question of whether this model is somehow special. Can I always use multi-fermion couplings to eliminate undesired modes in other anomaly free chiral theories? There is much more to do!

Acknowledgments

This paper is based on a talk given at the February 1998 “Workshop on Nonperturbative Methods in Quantum Field Theory,” sponsored by the Australian National Institute for Theoretical Physics and the Special Research Center for the Subatomic Structure of Matter at the University of Adelaide. This manuscript has been authored under contract number DE-AC02-98CH10886 with the U.S. Department of Energy. Accordingly, the U.S. Government retains a non-exclusive, royalty-free license to publish or reproduce the published form of this contribution, or allow others to do so, for U.S. Government purposes.

References

1. K. Wilson, Phys. Rev. D10, 2445 (1974).

2. J. Ambjorn, J. Greensite, and C. Peterson, Nucl. Phys. B221 (1983) 381;

B. Holstein, Am. J. Phys. 61, 142 (1993).

3. G. ’t Hooft, Phys. Rev. Lett. 37, 8 (1976); Phys. Rev. D14, 3432 (1976). 4. E. Eichten and J. Preskill, Nucl. Phys. B268, 179 (1986). 5. T. Banks, Phys. Lett. B272, 75 (1991).

6. K. Wilson, in New Phenomena in Subnuclear Physics, edited by A. Zichichi (Plenum Press, N. Y., 1977).

7. A. Borrelli, L. Maiani, G. Rossi, R. Sisto and M. Testa, Nucl. Phys. B333, 335 (1990); J. Alonso, Ph. Boucaud, J. Cortés, and E. Rivas, Phys. Rev. D44, 3258 (1991).

8. Th. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Leipzig (1921), 966;

O. Klein, Z. Phys. 37, 895 (1926).

9. J. Wess and B. Zumino, Phys. Lett. 37B, 95 (1971); E. Witten, Nucl. Phys. B223, 422 (1983); Nucl. Phys. B223, 433 (1983); Commun. Math. Phys. 92, 455 (1984).

10. M. Creutz and M. Tytgat, Phys. Rev. Lett. 76, 4671 (1996). 11. C. Callan and J. Harvey, Nucl. Phys. B250, 427 (1985). 12. R. Jackiw and C. Rebbi, Phys. Rev. D13, 3398 (1976). 13. D. Kaplan, Phys. Lett. B288, 342 (1992); M. Golterman, K. Jansen, D. Kaplan, Phys. Lett. B301, 219 (1993).

14. Y. Shamir, Nucl. Phys. B406, 90 (1993).

15. M. Creutz and I. Horvath, Phys. Rev. D50, 2297 (1994). 16. W. Shockley, Phys. Rev. 56, 317 (1939).

17. R. Narayanan and H. Neuberger, Phys. Lett. B302, 62 (1993);

Phys. Rev. Lett. 71 (1993) 3251; Nucl. Phys. B412, 574 (1994); Nucl. Phys. B443, 305 (1995); S. Randjbar-Daemi, J. Strathdee, Nucl. Phys. B461, 305 (1996); Nucl. Phys. B466, 335 (1996).

18. V. Furman and Y. Shamir, Nucl. Phys. B439, 54 (1995). 19. H. Nielsen and M. Ninomiya, Phys. Lett. 105B, 219 (1981). 20. T. Blum and A. Soni, Phys. Rev. D56, 174 (1997); Phys. Rev. Lett. 79, 3595 (1997).

21. M. Creutz, M. Tytgat, C. Rebbi, S.-S.Xue, Phys. Lett. B402, 341 (1997). 22. M. Creutz, Nucl. Phys. B (Proc. Suppl.) 63A-C, 599 (1998). 23. M. Golterman, K. Jansen, D. Petcher, and J. Vink, Phys. Rev. D49, 1606 (1994).

24. H. Neuberger, Phys. Lett. B413, 387 (1997).

25. I. Montvay, Nucl. Phys. B(Proc. Suppl.)26, 57 (1992); D. Petcher, Nucl. Phys. B(Proc. Suppl.)30, 50 (1993); R. Schrock, chapter in Quantum fields on the computer, M. Creutz ed., pp. 150-210 (World Scientific, 1992).

26. J. Nishimura, Phys. Lett. B406, 215 (1997); N. Maru, J. Nishimura, hepth/9705152; T. Hotta, T. Izubuchi, and J. Nishimura, hep-lat/9712009.